Frames

Fourier series

Learning outcomes

When you have completed this Programme you will be able to:

Determine the period and amplitude of a periodic function

Write down the harmonics of a periodic trigonometric function
Give an analytic description of a non-sinusoidal periodic function
Evaluate integrals with periodic integrands

Demonstrate the orthogonality of the trigonometric functions
sinnx and cosnx forn=0, 1, 2,...

e Describe a periodic function as a Fourier series subject to Dirichlet
conditions

e Obtain the Fourier coefficients and hence the Fourier series of a
periodic function

e Describe the effects of the harmonics in the construction of the
Fourier series

e Find the value of the Fourier series at a point of discontinuity of the
periodic function

e Derive the Fourier series of non-sinusoidal periodic functions
e Recognise even and odd functions and their products

Derive the Fourier sine and cosine series for odd and even functions
respectively

e Derive half-range Fourier series

e Recognise the condition for the Fourier series to contain only odd
or only even harmonics

e Explain the significance of the term ay/2
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Introduction

We have seen earlier that many functions can be expressed in the form
of infinite series. Problems involving various forms of oscillations are
common in fields of modern technology and Fourier series, with which
we shall now be concerned, enable us to represent a periodic function
as an infinite trigonometrical series in sine and cosine terms. One
important advantage of a Fourier series is that it can represent a
function containing discontinuities, whereas Maclaurin’s and Taylor’s
series require the function to be continuous throughout.

Periodic functions

A function f(x) is said to be periodic if its function values repeat at
regular intervals of the independent variable. The regular interval
between repetitions is the period of the oscillations.

y
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period

Graphs of y=Asin nx

(a) y =sinx
The obvious example of a periodic function is y = sin x, which goes
through its complete range of values while x increases from 0° to
360°. The period is therefore 360° or 2« radians and the amplitude,
the maximum displacement from the position of rest, is 1.
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f(x) amplitude
o /
w 27 X
1 \/ lamplitude
period = 27
-
(b) y =5sin2x
The amplitude is 5.
The period is 180° and I - g
there are thus 2 complete  f(x) P '
cycles in 360°. 0 ! =




174 Programme 6

(©) y=Asinnx
Thinking along the same lines, the function y = Asinnx has

amplitude ............ ;period ............ ;
and will have ............ complete cycles in 360°.
360° 27

amplitude = A; period = = cycles in 360°

Graphs of y = A cosnx have the same characteristics.

By way of revising earlier work, then, complete the following short
exercise.

Exercise

In each of the following, state (a) the amplitude and (b) the period.

1 y=3sindx § y=>5cos4x
2 y=2cos3x 6 y=2sinx

3 y= sin% 7 y=3cos6x
4 y=4sin2x 8 y= 6sin—23—x

Deal with all eight. They will not take much time.

No. Amplitude Period No. Amplitude Period
1 3 27/S 5 5 /2
2 2 2x/3 6 2 ™
3 1 47 7 3 /3
4 4 T 8 6 3r
Harmonics

A function f(x) is sometimes expressed as a series of a number of
different sine components. The component with the largest period is
the first harmonic, or fundamental of f(x).

y =A;sinx is the first harmonic or fundamental

y =Azsin2x  is the second harmonic

y=Assin3x  is the third harmonic, etc.

and in general
y=Asinnxisthe............ harmonic, with
amplitude ............ and period ............
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nth harmonic; amplitude A,; period = 2711'

Non-sinusoidal periodic functions

Although we introduced the concept of a periodic function via a sine

curve, a function can be periodic without being obviously sinusoidal
in appearance.

Example

In the following cases, the x-axis carries a scale of f in milliseconds.

@ vy
4
() X s 1
0 6 8 14 16 ¢ (ms) period = 8 ms
period I
®
3 < AR
f{t) /\
L X period=.........
0 2 5 6 8 t (ms)
© y
fie) AN | hN l period =.........
-4 - —_—— e ——
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(b) period = 6 ms; (c) period = 5 ms

Analytic description of a periodic function

A periodic function can be defined analytically in many cases.

Example 1
y
3 —_—— —_—
f(x) |
0 4 6 10 12 «x

(@) Betweenx=0andx=4, y=3,ie. f(x)=3 O<x<4

(b) Betweenx=4andx=6,y=0,ie f(x)=0 4<x<6
So we could define the function by

3

reo={;

F+6) =)
the last line indicating that ............

O<x<4
4<x<6

the function is periodic with period 6 units

Example 2

In this case

(@) Betweenx=0andx=2,y=x ie. f(x)=x 0<x<2
(b) Betweenx=2andx:6,y=—%+3, ie. f(x)=3—% 2<x<6
() The period is 6 units ie f(x+6)=f(x).

So we have

O0<x<2

X
f(x)={3_§ 2<x<6
f(x+6)=7f(x).
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Example 3

14
5 _—

f(x)

f(x)=%x O0<x<8
fx+8)=f(x)

Here is a short exercise.

Exercise
Define analytically the periodic functions shown.

- —— P — —_————

f(x)

0 1 L 1

12
-1 sl —

Finish all five and then check the results.
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Here are the details.

1 2-x 0O0<x<3
f(x)={_1 3<x<5$
flx+5)=f(.

2 3 0<x<4
fxy=¢5 4<x<7
0 7<x<10

fx+10) =f().
3 x O<x<4
f(x)={4 4<x<7
0 7<x<9

Fx+9) = f(x).

4 I%x O0<x<4

FO=37-x 4<x<10
-3 10<x<13
f(x+13) =f(x).

5 -1 O0<x<2
f(x)={3 2<x<35
-1 S<x<7

fx+7)=fx).

Now we have the same thing in reverse.

Exercise
Sketch the graphs of the following, inserting relevant values.
1 4 O<x<5$
f(x)={0 S<x<8
f(x+8)=f(x).
2 fx)=3x-—x> 0<x<3
fx+3)=rfx).

3 %) = 2sinx O<x<7w
—10 T<X<2W
flx+2m) = f(x).
4 % O<x<nm
f(X)= X
7r—§ T<X<27
flx+2m) = ().
2
5 3‘;— O<x<4
fW=14 4<x<s
0 6<x<8

f(x+8)=f(x).
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Here they are: check carefully.
1 y

4
2o e

7 A S —
f(x)

N e
#x) /i'—
I

All this is in preparation for what is to come, so let us now consider
Fourier series.

Sle———

Move on then to the next frame

Integrals of periodic functions

Before we proceed we need to consider some specific integrals
involving integers m and n. These are integrals over a single period
of periodic integrands. You will already know some of these and the
others you will easily be able to work out. The integrals that we are
concerned with are those of sines, cosines and their combinations
where the integration is over a single period from —n to =. First,
though, we list the integral of the unit constant over the period.
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1| dx=[x]:r=21r
2 r cosnxdx = [sinnx

-

] (n#0)

__sinnm  sin(—nn)
T on n
=0 Dbecause sinnmr =0

3 f Sinmxdx=............ (n+#0)

T
J sinnxdx =0

Because
T cosnx|™
Lrsmnxdx_[— " | @#0)
cosnm  cos(—nm)
=- +
n n

=0 because cos(—x) = cosx
4 r cosznxdxzj cosz_2nx+1_dx because cos24 = 2cos?A —1
- -7

T

_sin2nrw LT sin(—2nmr)  (—m)
4n 2 4n 2

=T

5 [ sin?nxdx=............ (n#0)

Because

J 1-COS2MX 4y because cos2A = 1 - 2sin?A

i 2 _
[Wsm nxdx = B >
_ [x sinan]’r

2" dn | (n#0)

m _sin2nm  (—m) 4 sin(—2n)
2 4n 2 4n
™
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6 Ccos mx cos nx dx

-

= % [cos(m + n)x + cos(m — n)x] dx

because 2 cos A cos B = cos(A + B) + cos(A — B)

_ [sin(m +n)x  sin(m— n)x]’: (m # 1)

m+n m-—n
_sinm+mnr  sin(m—mn _sin(m+n)(—x) sin(m —n)(-m)
T m+n m-—n m+n m-—n
=0
7 sinmxsinnxdx=............ (m # n)
J sinmxsinnxdx=0, m+#n
—
Because
T
j sin mx sin nx dx
_,rl i
= —J [cos(m — n)x — cos(m + n)x] dx
because 2sinAsin B = cos(A — B) — cos(A + B)
sin(m —n)x sin(m+n)x|"
=[ r(n—n) a t(n-l-n)] (m # 1)
™
_sinm—mn _sin(m+mnm)r _ sin(m —n)(-n) 4 sin(m 4+ n)(—n)
T m-n m+n m—n m+n

=0
8 J cos mx sinnx dx (m # n)

= .;. [sin(m + n)x — sin(m — n)x] dx

because 2 cosAsin B = sin(A + B) — sin(A — B)
1 [_ cos(m+n)x cos(m— n)x] N (m £ 1)

2 m+n m-—n
1 ( cos(m+mn)r cos(m—n)w
=5~ +
2 m+n m-—n
cos(m+ n)(—m) cos(m — n)(—m)
m+n m-—n

=0 because cos(—x) = cosx
And finally, when m=n

T
9 j cosmxsinmxdx=............
-7
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T
j cosmxsinmxdx =0

=n

Because
JT cos mx sin mx dx
= % sin2mxdx Dbecause sin24 = 2sinAcosA
-7
1] cos2mx]™
= L (m #0)
_1( cos2mm 4 cos 2m(—m)
2 2m 2m

=0 because cos(—x) = cosx

Summary

1| dx=[x] =2

-7

2 r cosnxdx =0

3 r sinnxdx =0
lifm=n
4 r cosmx cosnxdx = w6, wWhere 6y, =
- Oif m#n
(6mn is called the Kronecker delta)

48
5 J sinmx sinnx dx = 7y,
—7

9
6 J cosmxsinnxdx =0
-

Note that the same results are obtained no matter what the end points
of the integrals are, provided that the interval between them is one period.
So, for example

k+2m 3 k+2m
J cosnxdx = [sm nx] (n+#0)
k n ik

_ sin(nk + 2nm) sinnk
- n n
=0 because sin(x + 2nr) =sinx

Now to put all these integrals to practical use
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Orthogonal functions

If two different functions f(x) and g(x) are defined on the interval
a<x<band

b
|| s ax=o

then we say that the two functions are orthogonal to each other on
the interval a < x < b. In the previous frames we have seen that the
trigonometric functions sinnx and cosnx where n=0, 1, 2,... form
an infinite collection of periodic functions that are mutually
orthogonal on the interval —7n < x <, indeed on any interval of
width 2x. That is

r cosmxcosnxdx=0 form+#n
r sinmxsinnxdx=0 form#n
and

s
J cosmxsinnxdx =0

-

Fourier series

Given that certain conditions are satisfied then it is possible to write a
periodic function of period 2x as a series expansion of the orthogonal
periodic functions just discussed. That is, if f(x) is defined on the
interval —7 < x < 7 where f(x + 2nr) = f(x) then

f(x) = %+ E(a,, cos nx + by, sin nx)
n=1

This is the Fourier series expansion of f(x) where the a, and b, are
constants called the Fourier coefficients. But how do we find the values
of these constants? Quite easily. We make use of the mutual
orthogonality of the trigonometric functions in the expansion.
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For example, to find a;o we multiply f(x) by cos 10x and integrate over
a period. That is

r f(x)cos 10xdx

a4 | .
= [F (—z— + ;(an cos nx + by sin nx)) cos 10xdx

ao 00
=5 cos 10xdx+Zan[7rcosnxcos 10x dx

- n=1

o0
+ Z b, F sinnx cos 10x dx
n=1 -

aO o0 00
=5 X0+ anmbuio+ bux0
n=1 n=1

=g X0+a1rx0+...+arx0+aorx1+airx0+...
= diom
So that

ap = 1 f(x) cos 10xdx

Td—n

In just the same way | f(x)cosmxdx=............

-

f(x) cosmxdx = a,,m

Because

f(x) cosmxdx
=j (%+ > “(an cos nx + by sinnx)) cos mx dx
- n=1

aop 4 O
=5 cosmxdx+Za,, cosnx cos mx dx
-r n=1

-7

00 T
+Zb,,] sin nx cos mx dx
—1 -

a() 0 00
=7 X 0+Za,,7r6,,,m +Zb,, x 0
n=1 n=1

= admT

and so

m =lJ f(x) cosmxdx

™
Finally

f(x)sinmxdx=............
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r f(x)sinmxdx = by

Because

f(x)sinmxdx

ap & . -
=[W(—§+Z(ancosnx+bnsmnx)) sin mx dx

n=1

a s . o] s .
=—§°J sinmxdx + E a,,] cosnx sin mx dx
- -

n=1
00
+ E:lb,, FW31nmsmmM
)

ao 00 00
=5 % O+Za,, X O+Zb,,7r6n,m
n=1

n=1

= bm7r

and so

b, =% f(x)sinmxdx

Summary

Given that certain conditions are satisfied, if f(x) is defined on the
interval —r < x < 7 and where f(x + 2nr) = f(x) then

f(x) = 922 + Z(an cos nx + b, sin nx)
n=1

This is the Fourier series expansion of f(x) where the a, and b, are
constants called the Fourier coefficients and where

an =% f(x)cosnxdx and b, =% f(x)sinnxdx,n=0,1, 2,...
- -
Look in particular at the constant function f(x) =c which can be
considered as a periodic function with any period we wish to choose.
Choosing the period to be 27 then

v

1 T
an=7—rj ccosnxdx:fj cosnxdx = 2cbnp.
-

-

. a
That is ag = 2c so c = ?O as expected.

Also

b, =%r csinnxdx =< sinnxdx =0
-7

-
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From this we see that we have two choices to represent the Fourier
series. We can either write

fx)= % + Z{an cos nx + b, sin nx}

n=1
where

an =% f(x) cosnxdx and b, =%J f(x)sinnx dx

Or we can write

fx)= i{“" cos nx + b, sin nx}

n=0

where
ap = —Zler:,f(x) dx, a, = ;l-r[ﬂf(x) cosnxdx (n#0)

and b, =1

7r——7r

f(x)sinnx dx.

We choose the former and so avoid having a separate integral for ao.

Dirichlet conditions

If a function f(x) is such that

(@) f(x) is defined, single-valued and periodic with period 2=
(b) f(x) and f'(x) have at most a finite number of finite discontinuities
over a single period — that is they are piecewise continuous

then the series

a o0
—29 +Y {ancosnx + b,sinnx}
n=1

Y T

where a, = %J f(x)cosnxdx and b, = %J f(x)sinnxdx converges
-7 -7

to f(x) when (x, f(x)) is a point of continuity.

The Dirichlet conditions are sufficient for the Fourier series to
represent f(x) not only at a point of continuity but, with a slight
modification, also at a point of discontinuity, as we shall see later in
Frame 36. Also the periodicity of the function need not be restricted to
27, as we shall see from Frame 38 onwards.

Note that these conditions, while being sufficient, are not necessary
because there are functions that do not satisfy these conditions which
still possess a convergent Fourier series. However, the cases met in
science and engineering do generally meet these conditions.
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Exercise

If the following functions are defined over the interval —7 < x < 7w and
f(x+ 2x) = f(x), state whether or not each function can be repre-
sented by a Fourier series.

1
1 =x3 =
f)=x 4 () =1=
2 f(x)=4x-35 5 f(x)=tanx
3 f(x):% 6 f(x)=y wherex>+)?>=9
1 Yes 4 Yes
2 Yes 5§ No: infinite discontinuity
3 No: infinite discontinuity at x =m/2
atx=0 6 No: two valued
On then
Example 1
y Find the Fourier series for the
function shown.
—_—————n — -—
Consider one cycle between
L . A x=-mand x =m.
- - 1'2- 0 % T X
™
0 —w<x<—§
The function can be defined by f(x) =< 4 - g <x< %
0 %<x<w

f(x+2m) = F(x).
(a) As before f(x) = %ao + f:{an cosnx + b, sinnx}
n=1

The expression forap is ............
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ao=% ) fx)dx

This gives

1 —7/2 /2

o=~ J de+F 4dx+r 0dx
T J_ —m/2 /2
/2
= -1— [4)(] C.a0=4

™ —-/2

(b) To find a,

a, =% f(x) cosnxdx

—7/2 /2
. a"zl{J (O)cosnxdx+r 4cosnxdx+r (0)cosnxdx}
T J-n —m/2 /2
an— ------------
a —gsinE
" 2

Then considering different integer values of n, we have

If n is even a,=0
Ifn=1,5,09,... an=£
nmw

8

Ifn=3711,... ap=——

nmw

We keep these in mind while we find b,,.
(c) To find b,

by =7—1r f(x)sinnxdx=............
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Because we have

1 /2 /2 T
by == (O)sinnxdx+] 4sinnxdx+j (0) sinnx dx
u - —11'/2 7I'/2
/2 - /2
=éj sinnxdx:é[—cosnx]
TJn/2 7f n —n/2

=_—{cos——cos( )} 0 .o bp=0

So with ag = 4; a, as stated above; b, = 0; the Fourier series is

3 5 7

In this particular example, there are, in fact, no sine terms.

fx)= 2+2{cosx—lc033x +1c035x —lcos7x+...}

Example 2

Determine the Fourier series to
represent the periodic function
shown.

0 2n 4r X
It is more convenient here to take the limits as O to 2x.

The function can be defined as
(%) =% 0<x<2r

x f(x+27) =f(x) i.e. period = 2.

Now to find the coefficients.

(@ a0 =~ j Fondx = J:ﬂ(%)d"ﬂl_w["z]zr

) a,= %Jowf(x) cosnxdx = }rfr(%) cosnxdx

xcosnx dx

I
Y|

=i (integrating by parts)
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an=0
Because
21 P 2m 2m
un=lj xcosnxdx=—1—{[xsmnx] —lj sinnxdx}
27 Jo 2w n [y njo
1 )
2—{(0 O)——(O)} Soan=0
1 27
(©) b,== J fX)sinnxdx=............
1
bn=‘—a

Straightforward integration by parts, as for a,, gives the result stated.
So we now have

fx) ——ao—l-Z{a,, cosnx + by sin nx}

Therefore in this case

f(x) = §+Z{b,, sinnx} because a, = 0
T 1. 1. 1.
—§+{—Ismx—istx—gsm?,x—...}

2 3

Note that in this example, the series contains a constant term and sine
terms only.

o f(x) =§_ {sinx +-1-sin2x +lsin3x+...}
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Example 3

Find the Fourier series for the function defined by

y fx)=-x —T<x<0
. fx)=0 O<x<mw
o T f(x +2m) = f(x).
~ \
—2r - 0 T 2r X

ay =1J f(x) cosnxdx
™ -7

by, =% f(x)sinnx dx

With that reminder, in this exampleap=............

o = &
07737
Because
1" 1(° 1 x2 0 s
(b) To find a,

an =% f(X)cosnxdx=............
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(nodd); 0 (neven)

Because

T 0
71r f(x)cosnxdx = J (—x) cosnx dx

(/]
xcosnxdx

I
(1 -3 )
|

cos nx] 0
n

Il

1
™
1
™

1

0-0)-1[" }———{l—cosmr}

But cosnm =1 (n even) or —1 (n odd)

-7

. 2
C =5 (nodd) or0 (neven)

(c) Now to find b,. Working as for a,, we obtain

Because
1 . 1 .
b,,=—7F f(x)smnxdx=; (—x) sinnx dx

=—lr xsinnxdx
s

=—;{[< =)l cowdx}

__l TCOSnw +l sin nx]° _ _cosnm
oo n n

1 1
" obp=-— - (n even); p” (n odd)
So we h =2 a= 2
owehave ao=7; an= 0 (neven) or - 7 (n odd)

1 1

b,=—-= =
n p” (neven) or p” (n odd)
)=

Complete the series
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T 2 1 1
fx) = i (cosx +§c053x +2—5-COSSX+ . )

. 1., 1., 1.,
+(51nx—zsm2x+§sm3x—Zsm4x+...)

It is just a case of substituting n =1, 2, 3, etc.
In this particular example, we have a constant term and both sine
and cosine terms.

Effect of harmonics

It is interesting to see just how accurately the Fourier series represents
the function with which it is associated. The complete representation
requires an infinite number of terms, but we can, at least, see the effect
of including the first few terms of the series.

Let us consider the waveform shown. We established earlier in
Frames 23-26 that the function

4 0

0 _ =

\ T<X< 2
‘ T T
fx)y=< 4 —5<x¥<3
-t -2 0 3 7 «x 0 g<x<ﬂ'

Fx+2m) = f(x)

gives the Fourier series

8 1 1 -1
f(x)= 2+;{cosx —gcos3x +§c055x —>cos 7X+.. }
If we start with just one cosine term, we can then see the effect of
including subsequent harmonics. Let us restrict our attention to just
the right-hand half of the symmetrical waveform. Detailed plotting of
points gives the development on the next page.

193
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1 f(x)= 2+%cosx

|
0 ng

8 1 1
3 f(x)=2+ - {cosx —§c033x +§cos Sx}

8 1 1 1
4 fx)=2 +; {cosx —§cos3x +3cos Sx — 7€0s 7x}

4

4A

-\

0 %\/ T X

As the number of terms is increased, the graph gradually approaches
the shape of the original square waveform. The ripples increase in
number and, apart from the one nearest to the step, decrease in
amplitude. A perfectly square waveform is unattainable in practice. For
practical purposes, the first few terms normally suffice to give an
accuracy of acceptable level.

f(x)

Gibbs' phenomenon

You will notice from the previous two diagrams that near the
discontinuity, as more terms are taken into acount, the series tends
to overshoot on one side and undershoot on the other. This over and
undershooting on either side of the discontinuity does not go away as
the number of terms in the Fourier series that are taken into account is
increased, rather it tends to two spikes on either side of the
discontinuity. This effect is called the Gibbs’ phenomenon.
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Sum of a Fourier series at a point of discontinuity

o0
f(x) =%ao+ > {ancosnx+ b,sinnx}
n=1
If f(x) is continuous at x = x;, the series converges to the value f(x;) as
the number of terms included increases to infinity. A particular point
of interest occurs at a point of finite discontinuity or ‘jump’ of the
function y = f(x).

y

—_ A . .
Y, lﬂ s x—x;, the expression f(x)
|
1
1
X

approaches y; or y, depending on
the direction of approach.

Yo pm——————-
0 X
y
— —
" —--——X: If we approach x=x; from below that
! value, the limiting value of f(x) is y1.
i
]
0 X X
14
/ If we approach x = x; from above
Yo b that value, the limiting value of
H f(x) is ya.
0 X X

To distinguish between these two values we write
y1=[(x1-0) denoting immediately before x = x;
y2 =[f(x1+0) denoting immediately after x = x;.
In fact, if we substitute x = x; in the Fourier series for f(x), it can be

shown that the series converges to the value 1 {f(x; —0) +f(x; + 0)}
i.e. 1(y1 +2), the average of y; and y,.

Example
Consider the function
4
0 —T<L<XLT
X) = - —_—
e { T<X<2T ?
fx+2m) = f(0).
-7 0 T X

First of all, determine the Fourier series to represent the function.
There are no snags.
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f(%) =%+—Z;a{sinx +1sin3x +1sinSx +...}

Check the working
1 1(" 1 T .
@ ao—;J—wf(x)dx—;Ladx_;[ax}o_a S.oap=a
(b) anzl f(x)cosnxdleracosnxdx
T -7 m™Jo
_a [smnx] -0 =0
m n |,

(© b,,=l f(x)sinnxdx:lrasinnxdx
™) _r m™Jo

™
_4 [ cosnx] =i(1 — cos ) =i(1 - (=1
™ n 0 nm nm
and because

cosnt=1 (neven)and—-1 (n odd)

b, =0 (neven); % (n odd)

. 1 N
Sof(x) =540 +an sinnx
n=1

. a 2af., 1. 1.

S fx) —z+?{smx+§sm3x+§sm5x+ }
A finite discontinuity, or ‘jump’, occurs at x = 0. If we substitute x = 0
in the series obtained, all the sine terms vanish and we get f(x) = a/2,
which is, in fact, the average of the two function values at x = 0.

__ZI L Note also that at x =, another
ol - finite discontinuity occurs and
7© O] substituting x ==« in the series
i L gives the same result.
- 0 T X

Now on to something new
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Functions with periods other than 2«7

So far, we have considered functions f(x) with period 2=. In practice,
we often encounter functions defined over periodic intervals other

than 27, e.g. from O to T, —% to %, etc.

Functions with period T

If y = f(x) is defined in the range —g to g,
convert this to an interval of 2r by changing the units of the
independent variable.

In many practical cases involving physical oscillations, the inde-
pendent variable is time (f) and the periodic interval is normally
denoted by T, i.e.

f(t+T)=f()

i.e. has a period T, we can

f(H

%

AN
\/ a+T \/ t(s) X

period = T

o
Q

Each cycle is therefore completed in T seconds and the frequency
f hertz (oscillations per second) of the periodic function is therefore

given by f =%. If the angular velocity, w radians per second, is
defined by w = 2xf, then

27 27

The angle, x radians, at any time t is therefore x = wt and the Fourier
series to represent the function can be expressed as

fty= %0 + Z{“" cos nwt + by sin nwt}
n=1

X 2nrt . 2nmt
= % + Zl{a,, cos—T— +b, smT}
n=
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Fourier coefficients

With the new variable, the Fourier coefficients become

00
f(t) =%a0+ > {ancosnwt + b, sin nwt}

n=1
2 T w 27 Jw
o :TL £(t)dt =7—rjo F(t)dt
2 T w 27w
an :—j f(t) cos nwt dt =—-j f(t) cos nwtdt
T Jo T Jo

2 T w 27 [w
b, :—j f(t) sin nwt dt =—J f(®) sin nwt dt.
T 0 T Jo

We can see that there is very little difference between these
expressions and those that have gone before. The limits can, of

T T 2
course, beOto T, —=to —, — T to E, 0 to 2% etc. as is convenient, so
2 2" ww w

long as they cover a complete period.
Example
Determine the Fourier series for a periodic function defined by
2(1+1) -1<t<0
f(t) =
0 0<t<1
flt+2) =f(t)

The first step is to sketch the waveform whichis............
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y=2(1+19 L///
1 X

-1 0

We have
. 2nwt
ft)= +Z{ ,,cos + b, sin —T—}
= 70 + Z{an cosnnt + by sinnnt} because T =2
n=1
Therefore

2 0

_2[” tdt—1 Hdt=| 201+8padt 1Od
ao—fj_mf() —Lf() —j_1<+> +j0<>t

0
= [Zt+ tz] =1
-1

and
2 T/2
n = J f(t) cos nat dt = J f(t) cosnnt dt
1
J 2(1+t) cosnatdt=............
-0 . an=— (nodd
a, =0 (n even); an_m (n odd)
Because

0
a, = I 2(1 +t)cosnmtdt

1 [ cos nrt

2
- ]_1} ) (1 — cosnm)

4
a,=0 (neven), a,= s (n odd)
Now for b,

T/2
by = j £(t)sin -z"—”tdt— ............
-T2

2
T
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2
bn—_E

Because

0
= j 2(1 +t)sinnxtdt
1

0
{ [(1 +1t) —cos mrt] +i J cos nwtdt}
nmw 1 hm )1

1  [sinnat]° 2. 2 2
=2{_— 4 =——+——(sinnr) = - —
nr nr |, nr  niw nr
So the first few terms of the series give

) =eennannn...

1 4 1 1
f(t)= §+F{coswt+§c0337rt+EcosSwt+.‘.}

_E sin7rt+lsin27rt+lsin37rt+lsin47rt+ ...
T 2 3 4

The Fourier series
do = 3
) =5+ ngl{an cos nwt + by sin nwt}
can also be written in the form
o0
fit)= + ZB" sin(nwt + ¢y)

Comparing these two expressions we see that Ag = ag, B, sing¢, = a,
and By, cos ¢, = b,,. From this it follows that

an
B, =4/aZ2+Db2%; ¢n= arctan(b )
n

So

B;sin(wt 4+ ¢;) is the first harmonic or fundamental

(lowest frequency)
By sin(2wt + ¢2) is the second harmonic

(frequency twice that of the fundamental)
By sin(nwt + ¢y) is the nth harmonic

(frequency n times that of the fundamental).

And for the series to converge, the values of B, must eventually
decrease with higher-order harmonics, i.e. B, — 0 as n — oc.
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Odd and even functions

(a) Even functions
A function f(x) is said to be even if

f(=3) =)
i.e. the function value for a particular negative value of x is the

same as that for the corresponding positive value of x. The graph of
an even function is therefore symmetrical about the y-axis.

y=fx)=x2 is an even function
because
f(-2)=4=F(2)
f(=3)=9=f(3) etc.

y=f(x) =cosx is an even
function because

B, T © cos(—x) = cosx
\_z__ f(—a) = cosa =f(a).
(b) Odd functions

A function f(x) is said to be odd if

f(=%)=—f(x)
i.e. the function value for a particular negative value of x is
numerically equal to that for the corresponding positive value of x

but opposite in sign. The graph of an odd function is thus
symmetrical about the origin.

y=f(x)=x% is an odd function
because

f(-2)=-8=—f(2)
f(=5)=-125=—f(5) etc.

y=f(x)=sinx is an

——————————— === p————— odd function because
\ . sin(—x) = —sinx

A1 N\ o=@

So, for an even function f(—x) = f(x), symmetrical about the y-axis
for an odd function f(—x) = —f(x), symmetrical about the origin.
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Example 1
y
————— 2 - -
=2 —T 0 m 2r X
f(x) shown by the waveform is thereforean ............ function

because itis ............

odd; symmetrical about the origin, i.e. f(—x) = —f(x)

Example 2
14
= -3 0 z o« x
Hence the waveform of y =f(x) depicts an ............ function,

because itis............

even; symmetrical about the y-axis, i.e. f(—x) = f(x)

Example 3

—2n -7 0 T 2r X

In this case, the waveform shows a function thatis............
because .......... ..
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neither even nor odd; not symmetrical
about either the y-axis or the origin

Exercise
State whether each of the following functions is odd, even, or neither.
1 y
—_— ——— 2 -—— —— |__
—2n - 0 m 21 x
i L o L

1 odd 2 odd 3 even
4 neither 5 even 6 odd

We shall shortly see that a knowledge of odd and even functions can
save a lot of unnecessary calculation.

First, however, let us consider products of
odd and even functions in the next frame
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Products of odd and even functions
The rules closely resemble the elementary rules of signs.
(even) x (even) = (even) like (+) X (+)=(+)
(odd) x (odd) = (even) F)x(=)=H)
(odd) x (even) = (odd) (=) x(+)=(-).
The results can easily be proved.
(a) Two even functions
Let F(x) = f(x)g(x) where f(x) and g(x) are even functions.
Then F(—x) = f(—x)g(—x) = f(x)g(x) since f(x) and g(x) are even
.. F(—x) =F(x) i.e. F(x) is even
(b) Two odd functions
Let F(x) = f(x)g(x) where f(x) and g(x) are odd functions.
Then F(-x) = f(-x)g(-x)
= {~f(x)}{-g(x)} since f(x) and g(x) are odd
=f(x)g(x) =F()
.. F(—x)=F(x) i.e. F(x) is even
Finally
(c) One odd and one even function
Let F(x) = f(x)g(x) where f(x) is odd and g(x) even.
Then F(—x) = f(-x)g(—x) = —f(x)g(x) = —F(x)
.. F(—x) = —F(x) i.e. F(x)is odd
So if f(x) and g(x) are both even, then f(x)g(x) is even

and if f(x) and g(x) are both odd, then f(x)g(x) is even
but if either f(x) or g(x) is even and the other odd, then f(x)g(x) is odd.

Now for a short exercise, so move on

Exercise

State whether each of the following products is odd, even, or neither.

1 x’sin2x 6 (2x+3)sin4x

2 x3cosx 7 sin?xcos3x

3 cos2xcos3x 8 x3¢*

4 xsinnx 9 (x*+4)sin2x

§ 3sinxcos4x 10 1 coshx
x+2

Finish all ten and then check with the next frame
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1 odd (E)(O) =(0) 6 neither (N)(O) = (N)
2 odd (O)E) =(0) 7 even (E)(E) = (E)
3 even (E)E) = (E) 8 neither (O)(N) = (N)
4 even (0)(O) = (E) 9 odd (E)(O) = (0)
5 odd (O)E) =(0) 10 neither (N)(E) = (N)

Two useful facts emerge from odd and even functions. Thinking in
terms of areas under the graphs

(@
__________ i [ For an even function
NN || rwax=2[ rwax
-a 0 a X —a Y
®
_________ A I
E For an odd function
1
-a 0 a

f(x)dx =0

We can now look at two important theorems concerning odd and
even functions.
Theorem 1

If f(x) is defined over the interval —m < x < w and f(x) is even, then the
Fourier series for f(x) contains cosine terms only. Included in this is g
which may be regarded as a, cosnx with n = 0.

Proof: Since f(x) is even, J: fx)dx = J—(: f(x)dx

@ ao:%j;f(x)dxzéj;rf(x)dx ao=7%J:f(x)dx
(b) an:% f(x) cosnx dx.

But f(x) cosnx is the product of two even functions and therefore
itself even.
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an =7—zrj:f(x) cosnxdx

Because as the integrand is even,

a,,:lr f(x)cosnxdx:grf(x)cosnxdx.
™) m™Jo

1 T
© b, = ;L” f(x)sinnx dx

Arguing along similar lines, this gives b, =............

b,=0

Because, since f(x)sinnx is the product of an even function and an
odd function, it is itself odd.

" b,,=7—1r f(x)sinnxdx=0. .. b, =0

Therefore, there are no sine terms in the Fourier series for f(x).
Now for an example.

Example

The waveform shown is symmetrical about the y-axis. The function is
therefore even and there will be no sine terms in the series.

4
—_ 4 ________
! 1 l
=L _r 0 L4 m 3= x
2 2 2 2

1 [ee]
S _§a°+nZ=:1“"C°5"x

/2

@) o :%Lf(x)dx:%ﬂf(x)dx=%J:/z4dx=%[4x] —4

0
(b) an =% _Wf(x)cosnxdx=7—2rj2f(x) cos nxdx

=i Finish the integration.
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ap,=0 (n even); an=% n=15,9,..)

8
=-— (n=3,7,11,..)

Because

2 (" 2 /2
a,,——-;JOf(x)cosnxdxz;L 4 cosnxdx

S[Sinnx]"/2 8 . nm
=—1—; =—sin—

™ o T 2

But sin%—rz 0 for n even
=1 forn=1,5,9,...

=-1 forn=3,7, 11,... Hence the result stated.

(c) We know that b, = 0, because f(x) is an even function. Therefore,
the required series is

8 1 1 1
fix)= 2+;{cosx—§c033x +§c055x — = cos 7x+ .. }

If you care to look back to Example 1 in Frame 23, you will see how
much time and effort we have saved by not having to evaluate b,,.
A similar theorem applies to odd functions.

Theorem 2

If f(x) is an odd function defined over the interval —r < x < , then the
Fourier series for f(x) contains sine terms only.

Proof: Since f(x) is an odd function, JO Fx)dx = — r F(x) dx.
-7 0
@) a0 — %Jﬂ fdr. Butf(x)isodd .. ap—0

1 T
®) an :;J_,,f(x) cos nx dx

Remembering that f(x) is odd and cos nx is even, the product
f(x)cosnxis............
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odd

L dp = 7—1TJ f(x) cos nx dx :% (odd function)dx =0
. ap =0 (including ap = 0)
Now for b, we have
1
(C) bn :; .

the product f(x)sinnxis............

f(x)sinnxdx and because f(x) and sinnx are each odd,

even

Then b, = %jm f(x)sinnxdx = % (even function)dx

-7

2 .
=;J:f(x)smnxdx

o 2 ;
S by _WJ;:f(x)smnxdx

So, if f(x)isodd, ag=0; a,=0; by =7-er f(x)sinnxdx
0

i.e. the Fourier series contains sine terms only.

Example

Consider the function shown.

% f(x)=-6 -r<x<0
I 6 T fx)=6 O<x<m
fx+2m) = f(x).

- 0 m

_,_._J.__._ar _____ J— )

Before we do any evaluation, we can see that thisis ............ and
therefore ............

an odd function; sine terms only, i.e. 40 =0 and a, =0

b, = 1 f(x) sinnx dx. f(x)sinnx is a product of two odd
T)r functions and is therefore even.

o b,,=%J:f(x)sin axdx = ..o
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b,=0 (neven) or — (n odd)

Because

12

bnzgrﬁsinnxdx=_|:ﬂ
TJo

n

] =—12(1 — cos n).
s ™

0
Hence the result stated above.

So the seriesis f(x) =............

3 5

f(x) =2—:{sinx+lsin3x+lsm5x+..-}

Because cosnrm = (—1)".

Of course, if f(x) is neither an odd nor an even function, then we must
obtain expressions for ag, a, and b, in full.

One more example

Example

Determine the Fourier series for the function shown.

y y 2x
———= 2

]

i i
! |
] |
] 1
m T

-2 -7 0 2r X 0 2n X

This is neither odd nor even. Therefore we must find ao, a, and b,,.

1 o0
fx)= 7%+ Z {an cosnx + b, sinnx}
n=1

@ ao =%ff(x)dx =%{ﬂ%xdx+ JZWde}

s

X2 kg 2 1
H +[2x] =—{r+4r-21}=3 . a=3
0

™

2 T 27
J f(x)cosnxdx:%“ (%x) cosnxdx+] Zcosnxdx}
0

™

. T T 27
{%[xsmnx] —lj sinnxdx+J cosnxdx}

n m™

Finish it off
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a,=0 (neven);, a,= ;—z_-sz— (n odd)

Because

" T . 27
anzg{l(o_o)_i[_cosnx] +[smnx] }
w7 h n o n

=E{_LZ(_(—l)"Jrl)+(0—0)} W

™ T

2
=~ (1= 1)
and so

a4, =0 (neven) and a, = — (n odd)

(o) To find b,, we proceed in the same general manner

Complete it on your own

Here is the working.

L 112, « 2
b,,=—J f(x)sinnxdx =— r —X smnxdx+J 2 sinnxdx
mJo ™ o\

m™

2 (17— T 1 (" 27
=_{_ [M] +_j cosnxdx+J sinnxdx}
T\T n o ™Jo m

21 1 [sinnx]™ [—-cosnx]*"
=—{—(—mcosnm) +— +
™ | n m| n |, n

™

{—%cosmr+ (0-0)- %(cos 27n — cosmr)}

2 1
=_{——cos Zmr} = -—lCOS 2nn
T n ™M

But cos 2nm = 1. S b, = _2
™

So the required series is f(x) =............
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3 4 1 1
f(x) _E—W—Z{cosx +§c053x +ECOSSX+'”}

—E sinx +lsin2x +lsin3x+lsin4x. ..
T 2 3 4

At this stage, let us take stock of out findings so far.
If a function f(x) is defined over the range —= to w, or any other
periodic interval of 27, then the Fourier series for f(x) is of the form

1 o0
f(x) =5a0+ > {an cos nx + by sinnx}
n=1 i

where ao=% f(x)dx
a,,=% f(x) cosnx dx

b, = }rr f(x)sinnx dx
We also know that

(a) if f(x) is an even function, the series will contain no sine terms
(b) if f(x) is an odd function, the series will contain only sine terms

(0) if f(x) is neither odd nor even, the series will, in general, contain a
constant term, cosine terms and sine terms.
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Half-range series

Sometimes a function of period 27 is defined over the range O to T,
instead of the normal —r to 7, or 0 to 27x. We then have a choice of

how to proceed.

For example, if we are told that between x = 0 and x = =, f(x) = 2x,
then, since the period is 27, we have no evidence of how the function
behaves between x = —7 and x = 0.

r ______ ———

©

If the waveform were as
shown in (a), the function
would be an even function,
symmetrical about the y-axis
and the series would have
only cosine terms (including
possibly ay).

On the other hand, if the
waveform were as shown in
(b), the function would be
odd, being symmetrical about
the origin and the series
would have only sine terms.

Of course, if we choose some-
thing quite different for the
waveform between x= —7
and x =0, then f(x) will be
neither odd nor even and the
series will then contain
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both sine and cosine terms (including agp)

In each case, we are making an assumption on how the function
behaves between x = —r and x = 0, and the resulting Fourier series will
therefore apply only to f(x) between x = 0 and x = = for which it is
defined. For this reason, such series are called half-range series.

Example 1
y A function f(x) is defined by
T | f(x) =2x O<x<m
pd Fx+2m) = ().
0 T X

Obtain a half-range cosine series to represent
the function.
To obtain a cosine series, i.e. a series with no sine terms, we need an
............ function.

even

Therefore, we assume the waveform
=20 — ==t —— between x = -7 and x =0 to be as

> shown, making the total graph sym-
metrical about the y-axis.

ag = ...
{Z()=Z7r
Because
ao=2j f(x)dx=gr2xdx=g[xz] =21 . ag=2m
m™Jo m™Jo s 0

Then we need a, whichis............
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a,=0 (neven) =-— (nodd)

Because

a,,:gj-”Zxcosnxdx:éJ—”xcosnxdx
mJo TJo

23{{xsmnx] —lrsinnxdx}

:%{(0_0) _%[—cosnx]:} =7r—:];7(cosmr—1)

n
cosnt=1 (neven) =-1 (nodd)

. d,=0 (neven) and a,= —%85 (n odd)

All that now remains is b, whichis ............

zero, since f(x) is an even function, i.e. b, =

Soap=2n, a,=0 (neven) or -— % (nodd), b,=0.
Therefore f(x) =............

f(x) =1r—g{cosx+%cos3x +2—15c035x+...}

Let us look at a further example, so move on to the next frame
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Example 2

Determine a half-range sine series to
represent the function f(x) defined by

fx)=1+x O<x<mw
fx+2m) =f(»).

y We choose the waveform between
THmp————e x = —m and x = 0 so that the graph is
y=1+x symmetrical about the origin. The
. 1 function is then an odd function
-7 -150 T X and the series will contain only sine
I terms.
el tem S a=0 and a,=0

b, can now easily be determined and the required series obtained.

)=

ro = (2+2)

.

Check the working.

b”:%J (1 +x)smnxdx=g{[(1 +x)—cosnx] +1rcosnxdx}
7 Jo U n o Mlo

2{ 147 1 1 {sinnx]"}
==3— cosnm+——+—
T n n ni n |,

——

. 1. 1.,
smx+§sm3x+§sm5x+...

N

4 6

sin 2x +lsin4x +lsin6x+...}

=%{l_ 1 +7rcosn7r} :3{1 — (1 —|—7l') COSnﬂ'}
T \n n ™

cosnm=1 (neven) =-1 (nodd)

2 442
L bp=-= (neven) = m” (n odd)

o0}
Substituting in the general expression f(x) = Z b, sinnx we have
n=1

Fx) = 422“{sinx+lsin3x +lsin5x+...}

3 5
1. 1. 1.
—2{531n2x+zsm4x+gsm6x+...}

So a knowledge of odd and even functions and of half-range series
saves a deal of unnecessary work on occasions.

Now let us consider the presence of odd or even harmonics, so move on
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Series containing only odd harmonics or only even
harmonics

f(x) =2}ao+ a1 cosx + az cos 2X + a3 cos3x + ...
+bysinx+bysin2x+ basin3x +...

If we replace x by (x + «), this becomes

fx+m) =%ao+ i{a,,cosn(x+7r) + bysinn(x + )}

n=1

Now cos(nx + nr) = cos nx cos nm — sin nx sin nr.

Butforn=1,2,3,... sinnr=0
". cosn(x+ m) = COsSnxcosnm
Alsoforn=1,2,3,... cosnmr=1 (neven) = —1 (nodd).
. cosn(x+m)=cosnx (neven) = —cosnx (nodd) 1)

Similarly, sin(nx + nr) = sinnx cos nr + cos nx sinnx.
Therefore, as before
sinn(x + ) =sinnx (neven) = —sinnx (nodd) (2)

o f(x+7) =}ap— a1 cosx +azcos2x —azcos3x + ...
—bysinx+ by sin2x — b3 sin3x +...
But f(x) =3ao+ a1 cOSX + a;Ccos2x + d3 cos3X + ...
+bysinx+bysin2x + b3 sin3x + ...

If f(x) =f(x+ 7), these two series are equal and the odd harmonics

that you see differ in sign must be zero.

S f®) =f(x+m) =3a0 +azcos2x+ascos4x + ...
+bysin2x + bysin4x+ ...

.. If f(x) = f(x + «), the Fourier series for f(x) contains even harmo-
nics only.

Similarly, from the same two series above

if f(x) = —f(x + ), the Foutrier series for f(x) contains odd harmonics
only.

. f(x)=aicosx+azcos3x+...+bysinx+bzsin3x+...

Make a note of these two results: you will find them useful
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Example 1

__jT: / B
|

—7 —31 ()X T 2 X

X+7m

R

Here f(x) =f(x + =)

Therefore, the series contains

even harmonics only

Example 2

Here we see that f(x) = —f(x + «).

Therefore, the series contains
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odd harmonics only

Now we can apply our knowledge to date to the following exercise.

Exercise

From each of the following waveforms, we can describe the nature of
the terms in the relevant Fourier series.

2 5
y y
=" - - N~ N
|

~2I1r —J" 0 Jﬂ r X - —a 0 é T X
3 6

Y y
““““““ K™ TRONTRTN
\_7[_ 0 H N x - 0 T 2n X

1 cosine terms (+ dg) only; even harmonics only
2 sine terms only; odd harmonics only

3 sine terms only; all harmonics

4 cosine terms (+ ap) only; odd harmonics only

5 cosine terms ( + dp) only; all harmonics

6 4y, sine and cosine terms; even harmonics only.

On we go
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Significance of the constant term 1 a,

‘We might, at this point, note that the effect of the constant term %ao is
to raise, or lower, the whole waveform on the y-axis.

y Y
— 7 1—r|l L
2%
0 L X {
0 X

In electrical applications to alternating currents, the constant term  ao
of the Fourier series indicates the d.c. component.
For example, from Frames 58-61 we found that the odd square wave
—6 -T<x<0

ro={"¢ oL’ rarzm—rw

3 4
— 6

- T 2n 3 x

6

has the Fourier series expansion
24 ( . 1. 1.
f(x) _?{smx +§sm3x +—5-sm5x+ . }
The function g(x) = 2 + f(x) has the Fourier series expansion

gx) = 2+%{sinx +%sin3x +lsin5x + .. }

S
9(9
— 8
a, 714
- bl 2r  |3n X
4

Here aqy = 4.
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Half-range series with arbitrary period
We now extend the work on half-range sine and cosine series to

functions with arbitrary period.
(a) Even function Half-range cosine series

Y
y=r) y=f@) O<t<L.
I"s\ i(t) 2
I N ft+T)=1()
_f 0 T x symmetrical about the y-axis.
2 2

With an even function, we know that b,, =0

1 o0
S f) = 790 + Z ay, cos nwt
n=1

4 T/2
where ap = —J f(®)dt
T Jo
4 T/2
and anp = —7—,1 f(t) cos nwt dt
0

(b) Odd function Half-range sine series

y
T
o y=ft) O<t<;

ft+T)=f(t)
,10 T tx . .
2 symmetrical about the origin.

1

I
2 7/
L~

. a=0and a,=0

0 T/2
f(t) = businnut; by = %J f(t) sinnwt dt
n=1 0

Now for an example or two.
So move on
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Example 1
A function f(t) is defined by f(t) =4—-t, 0<t<4.
4
4 We have to form a half-range cosine
(o series to represent the function in
this interval.
0 4 t x
14
4 First we form an even function, i.e.
~ s symmetrical about the y-axis.
N,/
AV 4
—~4 0 4 t X
y Now for a useful little trick. If we
2 K lower the waveform 2 units, i.e. to its
| s ‘average’ position, balanced above
\N-4/" 0

new position 3do =0 and we have

” '» \‘t/t x  and below the x-axis, then in this
2
been saved one set of calculations.

y The functionisnowy =fi(t) =2 -t
20 y=2-¢ and, for the moment }ao = 0. Also,
s 1 7 L/ being an even function b, = 0. All
N_31,° .
<4/ -g_ v t x  we need to do is to evaluate a,,.

4 ¢T/2 4 4
Soa, = T fi(t) cosnwtdt = 3 (2 —t)cosnwt dt
Jo 0

a,=0 (neven) = # (n odd)

Simple integration by parts gives

1( 2sin4nw 1
= {—T—m(cos4nw—l)}

2 27 0w
a _l _Zsinmr_ 1
"2 nw n2u?

sinnr=0; cosnmr=1 (neven); cosnt=-1 (nodd)

(n odd)

(cosmr—l)} n=1273,...

. apn=0 (neven) and an:#
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fi(t) = %{coswt +%cos3wt + Elgcos Swt +.. }

Now if we finally lift the waveform back to its original position by
restoring the 2 units (i.e. 1ao = 2), the original function is regained
with f(t) = fi(t) + 2.

. 1 1 1
. f = 2+E{COSwt+§COS3wt+2—5-COSSwt+...}

™
where w = —.
4

Example 2
A function f(t) is defined by f(t)=3+t O0<t<2
f(t+4)=F().

Obtain the half-range sine series for
the function in this range.

£(t)

Sine series required. Therefore, we
form an odd function, symmetrical

about the origin
) ) 2 7 ay=0,a,=0,T=4
=
L”ts L

fit)y= i b, sin nwt

n=1
4 2 2
. b"zfj f( sinnwtdt:J (3 +t)sinnwtdt
0 0

This you can easily evaluate and then, putting n=1, 2, 3,... obtain
the series f(f) =............
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2 1. 4 1.
ft)= ;{4 s1nwt—§sm2wt+§sm3wt —Zsm4wt. . }

Straightforward integration by parts gives

1 1
b, = p_ (3 — Scos2nw) + ) (sin 2nw)

2r . 27w
b —l(S—Scosn )+Lsinn7r
" nw R
2 8
=—-_— =— dd
o (n even) — (n odd)

. 2 . 1. 4 . 1.,
o fi)= 5{4smwt—§sm2wt—l—§sm3wt —Zsm4wt. . }
And that just about brings this particular Programme to an end.
Fourier series have wide applications so it is very worthwhile paying
considerable attention to them.

The Revision summary and Can You? checklist now follow, after
which you will have no trouble with the Test exercise. The Further
problems provide additional practice.

-] Revision summary 6

1 Graphs of y = Asinnx and A cosnx

360° 2w

Amplitude = A; period = == radians

2 Harmonics
y = Aj sinx is the first harmonic or fundamental
y = Apsinnx is the nth harmonic.

3 Periodic function
f(x+P)=f(x) P=period

4 Fourier series — functions of period 2w
f(x) =3%dao +ay COSX + a3 COS 2X + A3 COS3X + ... + Ay COSNX . ..
+bysinx+ by sin2x + b3sin3x +...+ b, sinnx. ..
=3%a0+ ) {ancosnx+ by,sinnx}
n=1
5 Dirichlet conditions

(a) The function f(x) must be defined, single-valued and periodic.
() f(x) and f'(x) must be piecewise continuous in the periodic
interval. >
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6 Fourier coefficients

10

11

12

%=§[fumx

a, = %J f(x) cosnx dx

1 s
b,,:—J f(x)sinnxdx
m -
where, in each case, n=1, 2, 3,...

Sum of Fourier series at a finite discontinuity
At x = x;, series for f(x) converges to

the value
/ (1 —0) +f(x1 +0)} =31 +2)
0 X X
Odd and even functions

(a) Even function: f(—x) = f(x); symmetrical about y-axis.
(b) Odd function: f(—x) = —f(x); symmetrical about the origin.
Product of odd and even functions
(even) x (even) = (even)
(odd) x (odd) = (even)
(odd) x (even) = (odd).
Sine series and cosine series
If f(x) is even, the series contains cosine terms only (including ao).
If f(x) is odd, the series contains sine terms only.
Half-range series
Function of period 2w, defined over the range 0 to =. Can be
considered as half of an even function, or half of an odd function.

Series containing only odd harmonics or only even harmonics
If f(x) = f(x+ ) the Fourier series contains even harmonics only.
If f(x) = —f (x + 7) the Fourier series contains odd harmonics only.

Functions with period T
1 (e
fit)= 7%+ Z{an cos nwt + by sin nwt}
n=1

w

T 2m/w
%=%Lﬂnm =;L £ dt

'~1|N

T w 27w
J f(t)ycosnwtdt = ;J f(t) cos nwt dt
0 0

T w 27w
J f(t)sinnwtdt = ;j f(t) sin nwt dt
0

0
where w= E ie. T= 2—”
T w

'~3|N
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13 Half-range series — period T
(a) Even function: half-range cosine series

4 T/2
a0 = Tjo Ft)dt
4 T/2
an :Tj f(t) cosnwt dt
0
bn = O.
(b) Odd function: half-range sine series
apg = 0
a, = O
4 T/2
b :‘:FJ £(t)sin nwtdt.
0

¥4 Can You?

Checklist 6

Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Determine the period and amplitude of a periodic
function?

Yes L] U] L] L] ] No

o Write down the harmonics of a periodic trigonometric
function?

Yese O 0O 0O OO O No

e Give an analytic description of a non-sinusoidal
periodic function?

Yes [ [J 00 [0 [ No
e Evaluate integrals with periodic integrands?
Yes (1 O 00 [1 0O No
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e Demonstrate the orthogonality of the trigonometric
functions sinznx and cosnx forn=0, 1, 2,...?

Yes ] O L] L] ] No

e Describe a periodic function as a Fourier series subject
to the Dirichlet conditions?

Yes ] ] ] ] U No

e Obtain the Fourier coefficients and hence the Fourier
series of a periodic function?

Yes ] (] L] ] ] No

e Describe the effects of the harmonics in the
construction of the Fourier series?

Yes 0 O O O U] No

o Find the value of the Fourier series at a point of
discontinuity of the periodic function?

Yes ] (] ] ] ] No

e Derive the Fourier series of non-sinusoidal periodic
functions?

Yes ] ] (] ] O] No

e Recognise even and odd functions and their products?
Yes Cl L] Ll [J L] No

e Derive the Fourier sine and cosine series for odd and
even functions respectively?

Yes O] ] ] ] ] No

e Derive half-range Fourier series?

Y [ 00 O 0O [ No

e Recognise the condition for the Fourier series to
contain only odd or only even harmonics?

Y [J [ O 0O [0 No
e Explain the significance of the term ay/2?
Yes [J 0OJ [J [ [ No
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Test exercise 6

1 If f(x) is defined in the interval -7 < x <= and f(x + 2m) = f(x), state
whether or not each of the following functions can be represented by a
Fourier series.

@ fx)=x* @ f(x) =e*
(b) f(x)=3—-2x (e) f(x) = cosecx
© = ® F(x) = +Vax

2 Determine the Fourier series for the function defined by
f)=2x O<x<2r
Fx+2m) = F(0).

3 State whether each of the following products is odd, even, or neither.

(@) x3cos2x (d) x%e**

(b) x%sin3x (e) (x+ 5)cos2x

(¢) sin2xsin3x (f) sin?xcosx.
4 A function f(x) is defined by f(x) =7 —x O<x<m

fx+2m) = ().
Express the function

(a) as a half-range cosine series
(b) as a half-range sine series.

§ Comment on the nature of the terms in the Fourier series for the
following functions.

6 A function f () is defined by
0 -2<t<0
v f(t):{t O0<t<2
f(t+4) =)

Determine its Fourier series.
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Further problems 6

1 A periodic function f(x) is defined by

f(x):l—% 0<x<2r
flx+2m) =f().
Determine the Fourier series up to and including the third harmonic.

2 Determine the Fourier series representation of the function f(t)
defined by

3 -2<t<0
f(t)={—5 O<t<2
f(t+4)=f(t).

3 Determine the half-range cosine series for the function f(x) =sinx
defined in the range 0 < x < 7.

4 A function is defined by
m+ X —-T<x<0

f(x):{ﬂ__x O<x<m
Fx+2m) = f().
Obtain the Fourier series.

5 A periodic function is defined by
Asinx O<x<m

f(x):{—Asinx T<X< 2w
fx+2m) = f(x).
Determine its Fourier series up to and including the fourth harmonic.

0 —-7m<x<0

y 0exen AMAF+2m =1

6 Iff(x)= {
obtain the Fourier series.

7 Determine the Fourier series to represent a half-wave rectifier output
current, i amperes, defined by

Asinuwt 0<t<§
i=f(t)= T
0 —<t<T

2
F(t+T) = f(@).
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8 A function f(x) is defined by

10

11

12

13

14

15

™
a O<x< =

3

T 2w

f(X)= O §<x<?
27

—a —<x<7

. 3
Fo+m) = ().
Obtain the Fourier series to represent the function.
If f(x) is defined by f(x) = x(m —x) 0 < x < 7, express the function as
(a) a half-range cosine series
(b) a half-range sine series.

Determine the Fourier cosine series to represent the function f(x) where

™
cos X O<x<+

Fl0 = 2
0

T<x<n
2

f(x+2m) = f(x).

If
0 0<x<%
f(x)= - f(x+2m) =f(x),
COosXx —< X<

2
obtain the Fourier cosine series for f(x) in the range x=0to x = .

A function f(x) is defined over the interval 0 < x < = by

X O<x<E
f(X)={7r_x r 2

=<XxX<m
2

For the range x = 0 to x = 7, determine the Fourier sine series.

A function f(t) is defined by
-1 -1<t<0
t) =
re) { 2t O<t<1
f(t+2) =f).
Obtain the Fourier series up to and including the third harmonic.

If f(x) =x> —-7w<x<7 and f(x+ 27) = f(x), determine the Fourier
series for f(x).

A function f(x) is given by f(x)=7—3—x for —r<x<n with
™

f(x+ 27) = f(x). Obtain the Fourier series up to and including the

fourth harmonic.
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16

17

18

19

20

A function f(t) is defined by
fy=1-2 —-1<t<1
f(t+2)=£(1).
Determine its Fourier series.

A function f(x) is such that

X+
5 —-r<x<0
fo=<,2,
2 O<x<m

f(x+2m) = f(x).
Obtain the Fourier series.
Determine the Fourier series for a periodic function such that
1 -2<t< -1
f(t)= 0 -1<t<1
-1 I<t<2
F(t+4) =F(D).
A function is defined by
fx)=x* 0O<x<2n
fx+2m) = f(0).
Determine its Fourier series.
Determine the Fourier series for the function f(t) defined by

0 -2<t<0
f(t):{% O0<t<4

F(t+6)=F(t).




